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Entanglement in Many-Body

Quantum States
Ve C?

Entanglement Entropy: S(A) = —tr(palogpa)
For generic quantum states: S(X) ~ vol(X) (Page ‘93)

What's the behavior of EE for interesting states of matter?




Area Law

1) aAc | C?

Entanglement is “localized”,
concentrated around the boundary

For every region X: S(X) = a|0X| — v 4

e.g. gapped models, 2+1 CFT (from RT formula)



Area Law

1) aAc | C?

Entanglement is “localized”,
concentrated around the boundary

For every region X: S(X) = a|0X| — v+ ...

y: Topological EE
(signature topological order)

v=logD, D= 1 /ng, D: Quantum dimension
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Entanglement is “localized”,
concentrated around the boundary

For every region X: S(X) = a|0X| — v+ ...

 Topological EE quantifies “non-local entanglement”

(Kitaev ‘12) y = 0 : state is adiabatically connected to trivial phase
(Kim “13) log(N) £ 2y N := number topologically protected states



Area Law
1) A A

Entanglement is “localized”,
concentrated around the boundary

For every region X: S(X) = a|0X| — v+ ...

 Topological EE quantifies “non-local entanglement”

(Kitaev ‘12) y = 0 : state is adiabatically connected to trivial phase
(Kim “13) log(N) £ 2y N := number topologically protected states

* Bulk-boundary correspondence: topological order in the
bulk has an effect on the boundary
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Area Law

) ane c?

Entanglement is “localized”,
concentrated around the boundary

What are the consequences of an area law?
What’s the influence of TEE on the boundary? This talk:

B —

by strong subaddivitity and
stronger subaddivitity




Quantum Information 1.01:
Fidelity

... it’s @ measure of distinguishability between two
quantum states.

Given two quantum states their fidelity is given by
s 1/2 1/2\1/2
F(p,0) = tr((p"?op'/?)'/?)

It tells how distinguishable they are by any quantum
Measurement

Ex 1: F=1: same state

Ex 2: F=0 : perfectly distinguishable states



Quantum Information 1.01:
Relative Entropy

... it’s another measure of distinguishability
between two quantum states.

pef: S(pllo) := tr(p(log(p) — log(o)))

Gives optimal exponent for distinguishing the two states

Pinsker’s inequality: S(pllo') 2 —% log F(p, O')

S(plle) 0 = p=o
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v R min  S(pxyz| exp(Hxy + Hyz)/tx(...))
Hxy ,Hyz
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Topological EE and Locality
of Boundary States

Pyyz: reduced state on XYZ

XYZ Boundary of A

Result 1. If S(X) = o|0X| — v+ ... :

v R min  S(pxyzl|lexp(Hxy + Hyz)/tr(...))

Hxy ,Hyz

~ min S(pB1---szI|eXp(HB1Bz T ... +HB2k—1sz)/tr(”‘))




Topological EE and Locality
| of Boundary States

Pyyz: reduced state on XYZ

XYZ Boundary of A

,—10X/¢

7 1= oGog(14))
Result 1. If S(X) = o|0X| — v+ /
v o~ min S(pxyzl|exp(Hxy + Hyz)/tr(...))
min S(pB,..Bullexp(HB, B, + .. + Hpy, By, ) /t2(...))

=~
\ HB132 """ Hsz—lek




Topological EE and Locality
of Boundary States

Pyyz: reduced state on XYZ

XYZ Boundary of A

Obs1l: v=0
= PB~ eXp(HB1B2 + ... Hsz—lek/t’r(° . ))

Obs 2: Thermal states has same on-site symmetries as original state

Obs 3: Thermal state is max entropy state consistent with local constraints



TEE gives number of non-local bits

Interpretation relative entropy (Anshu et al ‘14)

Bob

knows p knows o
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Alice EPR pairs




TEE gives number of non-local bits

Interpretation relative entropy (Anshu et al ‘14)

EPR pairs

Bob

knows p knows o

What’s the minimum classical comm. required for Bob to learn p?
(i.e. to be able to prepare a copy of p)



TEE gives number of non-local bits

Interpretation relative entropy (Anshu et al ‘14)

knows p knows o

~ S(pHU) necessary and sufficient for Bob to prepare a copy of p

Bob




TEE gives number of non-local bits

Interpretation relative entropy (Anshu et al ‘14)

EPR pairs

Bob

knows p knows o

~ S(pHO) necessary and sufficient for Bob to prepare a copy of p

= min S(pB. B..|lo) gives number of non-local bits of
K o€Local Gibbs State (,0 > QkH ) 8 p

obs: Consistent with y = log(quantum dimension)



Entanglement Spectrum
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A(pa) : eigenvalues of p,
Entanglement Spectrum

Area law statement about — Z i log A;

2

What can we say about the whole spectrum?



Entanglement Spectrum

C2

A(pa) : eigenvalues of p,
Entanglement Spectrum

Area law statement about — Z A; log \;

1

What can we say about the whole spectrum?
(Haldane, Li ’08, Cirac, Poiblanc, Schuch, Verstraete '11, ...)

y=0: matches spectrum thermal state local model

y#0: matches spectrum thermal state local model
after projecting into topological superselection sector



Entanglement Spectrum

We assume translation invariance
s.t. py = Py

Result 2: If S(X) = a|0X| —~v+ ... :
v=0 = A\px)®? &~ A(e2+ TBrBrir)

v#0 = Apx)®? = A(o),

trg, (o) = e2r>1 BB




Result 2 from 1

From area law assumption:
(more later)

PXX' R pPpx X px




Result 2 from 1

From area law assumption:
(more later)

PXX' R pPpx X px

Apxxr) = Mpp) we )\(PX) X )\(PX') ~ A(PB)

Uhlmann’s theorem There is an isometry U : B -> B,B,. s.t.

UlY)xpx: = [9)xBx ® |0)xBy  px =trex (|9} (SlxBx)

U maps degrees of freedom of X and X" into B




Result 2 from 1

From area law assumption:
(more later)

PXX' R pPpx X px

Apxxr) = Mpp) we )\(PX) X )\(PX’) ~ A(PB)

£ 7 =0 pp ~ e=k BB /7

yOR min  S(pxyz| exp(Hxy + Hyz)/tr(...))

Hxy,Hyz

Q

min S(pBl---B2k “ exp(HBle +...+ Hsz—1sz)/tr('“))



Why does it hold?

We want to show:

VR min  S(pxyz| exp(Hxy + Hyz)/tx(...))

Hxvy,Hyz

Q

min S(pBl---BQk H eXp(HBle + ...+ Hsz—lek)/tr(“'))

X = O : follow from strong subadditivity (SSA) (Lieb, Ruskai ‘73)
S(AB)+ S(BC) > S(ABC) + S(B)

X # O : follows from a strengthening of SSA (Fawzi and Renner ‘14)




Applications of SSA

Used to prove optimal rates for nearly every quantum

information protocol.

- Channel capacities (classical, quantum, private)
- Distillable Entanglement

(Casini, Huerta, Myers ...) SSA + Lorentz Invariance:
- Entropic proof of the c-theorem
(irreversibility of renormalization flow)

- Proof of Bekenstein’s and Bousso’s bound

(Ryu-Takayanagi, Headrick, ...) Test for holographic

proposals of entropy

Many others...




Conditional Mutual Information

Given PABC,

I(A:C|B) = S(AB)+ S(BC)— S(ABC) — S(B)
= S(papc| exp(log(pap) + log(psc) — log(ps)))

Strong subadditivity: 1(A : C|B) > 0
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Conditional Mutual Information

Given PABC,
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Strong subadditivity: 1(A : C'|B) > 0

Stronger subadditivity (Fawzi-Renner '14):

L
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I(A:C|B)~ 0 = I, ®AB?BC(pge) ~ pape

t\ guantum channel



Conditional Mutual Information

Given PABC,

I(A:C|B) = S(AB)+ S(BC)— S(ABC) — S(B)
= S(papc| exp(log(pap) + log(psc) — log(ps)))

Strong subadditivity: 1(A : C'|B) > 0

Stronger subadditivity (Fawzi-Renner '14):

L
[(A:C|B) 2 5 min —log(F(papc,A(pap)))

Can reconstruct the state ABC from reduction on AB by acting on B only

A —B) mmmd A B C




Consequence of Area Law:
State Reconstruction

For every ABC with trivial topology:
I(A:C|B) ~0

I(A:C|B)

S(AB) + S(BC) — S(ABC) — S(B)
a(|0(AB)| +[0(BC)[|0(ABC)| = [0(B)]) + ...
a(6l + 61 — 81 —4l) + ...




TEE as Conditional Mutual Info

(Kitaev, Preskill ‘05, Levin, Wen ‘05)

vy=IA:C|B)+...

I(A: C|B)

S(AB) 4+ S(BC) — S(ABC) — S(B)

a(0(AB) + |8(BC)| — [0(ABC)| — [0(B)|) =y — v+ + 2y + ...
v+ ...

Non zero TEE gives an obstruction to reconstruct p s from p,g
by acting on B



Why does it work?

We want to show:

min  S(pxyz| exp(Hxy + Hyz)/tr(...))

Hxy,Hyz

2
%

Q

min S(pBl---BZk H eXp(HB1B2 T+t HB2k—1B2k)/tr('“))

HBle """ HB2k,—lB2k:




Why does it work?

We want to show:

min  S(pxyz| exp(Hxy + Hyz)/tr(...))

Hxy,Hyz

min S(pBl---BZk ” eXp(HB1Bz T+t HB2k:—1B2k)/tr('“))

HBle ""’HB2k:—lBZk

2
%

Q

Let’s start with the case y=0.

Need to show P B;...Bsy

is close to thermal assuming all
conditional mutual information
are small, i.e. approximately independence

I(Bl cee Bj_l : Bj+1 ce B2k:—1|BjB2k) ~ 0




Markov Chain

Classical Interlude

X, Y, Z with distribution p(x, y, z)
i) X-Y-ZMarkov if X and Z are independent conditioned on Y
ii) X-Y-ZMarkov if thereis a channel A:Y->YZs.t. A(p,y) = Pyyz

i) I(X :Y|Z)p = Eup (X : Y )p(zylz=2")



Markov Networks

@

We say X,, ..., X, on a graph G form a Markov Network if
X; is indendent of all other X’s conditioned on its neighbors

Ex: Markov chains &—60—00—60—00— (069 90



Hammersley-Clifford Theorem

_G

Markov networks ﬁ Gibbs state local classical
Hamiltonian
(on cligues of the graph)



Going Back

Need to show P B, ... Bs,

is close to thermal assuming all
conditional mutual information

are small (approximately independence)

I(Bl cee Bj_l : Bj_|_1 ce BQk_:['BjBQk) ~ 0

We want a quantum and approximate version of Hammersley-Clifford,
but only for 1D chains



Quantum Markov Chain

Classical: X, Y, Z with distribution p(x, v, z)
i) X-Y-ZMarkov if X and Z are independent conditioned on Y
ii) X-Y-ZMarkov if there is a channel A : Y ->YZs.t. A(py,) = Pyy,

Quantum: (Hayden, Jozsa, Petz, Winter '03)

i)  pagcMarkov quantum state if A and C are "independent
conditioned” on B
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Quantum Markov Chain

Classical: X, Y, Z with distribution p(x, v, z)
i) X-Y-ZMarkov if X and Z are independent conditioned on Y
ii) X-Y-ZMarkov if there is a channel A : Y ->YZs.t. A(py,) = Pyy,

Quantum: (Hayden, Jozsa, Petz, Winter '03)

i)  pagcMarkov quantum state if A and C are "independent
conditioned” on B, i.e. Hp ~ P Hp, , ® Hp,,, and
k

PABC = @pkpABL,k ® PBg 1 C
k

i) pagcMarkov if there is channel A : B ->BCs.t. A(p,g) = Pasc



Quantum Markov Chain

Quantum: (Hayden, Jozsa, Petz, Winter ’03)
i)  pagcMarkov quantum state if A and C are "independent
conditioned” on B, i.e. Hp ~ @HBM ® Hp,, and
k

PABC = @PkPABL,k ® PBr C
k

i) pagcMarkov if there is channel A : B ->BCs.t. A(p,g) = Papc

iii) pagcMarkov if pPapc = e AETHEC[H g, Hpol = 0



Quantum Hammersley-Clifford
Theorem

@

(Leifer, Poulin ‘08, Brown, Poulin ‘12) Analogous result holds replacing
classical Hamiltonians by commuting quantum Hamiltonians

(obs: quantum version more fragile; only works for graphs with no 3-
cliques)

Only Gibbs states of commuting Hamiltonians appear. Is there a fully
quantum formulation?




Q. Approximate Markov States
P 66666666666

5656 00000
X 0000
0000 00000

00000000000

£ quantum approximate Markov if for every A, B, C

I(A:C|B)— 0 when dist(A,C) — oo

Conjecture
Quantum Approximate Markov<##> Gibbs state local Hamiltonian




Strengthening of Area Law
;)66566665666

5656 00000
X 0000
0000 00000

00000000000

Conjecture
Quantum Approximate Markov- Gibbs state local Hamiltonian

i
(Wolf, Verstraete, Hastings, Cirac ‘07) I(A s BC)PT S T |3A|

Gibbs state @ temperature T: pT = B_H/T/Z

H=) H, |H|<1
k



Strengthening of Area Law
P 56666665666

5656 00000
X 0000
0000 00000

00000000000

Conjecture
Quantum Approximate Markov- Gibbs state local Hamiltonian

From conjecture:
I(A: BC)=I(A:B)+I(A:C|B)~ I(A: B)

Gives rate of saturation of area law



Approximate Quantum Markov
Chains are Thermal

A B C
000000000000 0ooococooe

thm
1. Let H be a local Hamiltonian on n qubits. Then

I(A:C|B),, <e ¢VIBl+e/"

pPT —




Approximate Quantum Markov
Chains are Thermal

A B C
0000000000000 00000eoo0

thm
1. Let H be a local Hamiltonian on n qubits. Then

I(A : C|B)pT < e—c’ | B|+e/T

2. Let p1...n be astate on n qubits s.t. for every
split ABC with |B| [(A: C|B) < ¢ . Then
n

. H 49
Jmin S (plle) <e—

Hom :={H : H="Y Hppi1, Vk supp(Hp r41) < 2m}
k




Proof Part 2

X X X
9@@@&%@5%@@%@@%@@%@@@

1
m

-

Let 0X,...X n bethe maximum entropy state s.t.

m

O0X;,Xit1 — PX;,X;q1 Vi € [n/m]



Proof Part 2

X X X
90@05&@5&0@&0@&00&00@
1

-

Let 0X,...X n bethe maximum entropy state s.t.

m

O0X;,Xit1 — PX;,X;q1 Vi € [n/m]

H
Fact 1 (Jaynes ‘'57): 0 = ezk Xk Xk+1

“maximum entropy state given linear constraints is thermal”

argmax (S(o) s.t. tr(cM;) = ¢;) = exp (Z )\iMi)



Proof Part 2

X X X
90@05@05&00&0@@0@@@00
1

-

Let 0X,...X n bethe maximum entropy state s.t.

m

O0X;,Xit1 — PX;,X;q1 Vi € [n/m]

H
Fact 1 (Jaynes '57): 0 = ezk Xk X k41

Fact 2 Hren7i{r;mS(pHeH/Z) < —=S(p) —tr(plogo)
= 5(0) = 5(p)

/

Let’s show it’s small



Proof Part 2

X, X X
?qu§ﬂe§ﬂeeﬂeeﬂeeﬂeee

1
m

S(Xi1... Xp/m)o
S(Xng)g = S(XQ)O- i S(X2 Y Xn/m)g

S
SS

A



IA A

Proof Part 2

X
0000000 coocoeoceoooe0e
\ T ]
S(X4
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Proof Part 2

X X X
pquﬁﬂeﬁﬂeeﬂeeﬂeeﬂeee
1

-

S( X1 . . . Kpin)s

S XiX3)s — S X5)e +5(XK3 « «  Xsjin)er

S(X1X2)o — S(X2)o + S(X2X3)s — S(X3)e + S(X3... Xpn/m)o
Z S(XiXit1)e — S(Xit1)o

(2



Proof Part 2

X, X, X,
l@GG!GGGl@@@l@@@l@@@l@@@l@@@
1

S X1 . . Ktz

S XiX3)s — S X5)e +5(XK3 « «  Xsjin)er

S(X1X2)o — S(X2)o + S(X2X3)s — S(X3)e + S(X3... Xpn/m)o
Y S(XiXir1)o — S(Xit1)o

Z S (X Xi.) pe— S Ko )i

IAINA A

!

Since O.ij,,Xi_|_1 — qu;,Xi+1 VZ E [n/m]



Proof Part 2

X1 XZ X3
l@OG!GGGl@@@l@@@l@@@l@@@l@@@
1

S X1 . . Ktz

S XiX3)s — S X5)e +5(XK3 « «  Xsjin)er

S(X1X2)o — S(X2)o + S(X2X3)s — S(X3)e + S(X3... Xpn/m)o
Y S(XiXir1)e — S(Xit1)o

Z S (X Xi.) pe— S Ko )i

& S, . Ko 2

m

IAINA A

\ Since I(Xz : Xz'_|_2 cen Xn/m|Xz-|-1) <€ V1



Proof Part 1

Recap: Let H be a local Hamiltonian on n qubits. Then

[(A : C|B)pT < e—c' | B|+ec/T

We show there is a recovery channel from B to BC
reconstructing the state on ABC from its reduction on AB.

More technical. Uses Quantum Belief Propagation
equations of Hastings.




Summary

* Locality of EE (area law) implies locality of boundary states
and entanglement spectrum

 Quantum Approximate Markov Chains are Thermal



Summary

* Locality of EE (area law) implies locality of boundary states
and entanglement spectrum

 Quantum Approximate Markov Chains are Thermal

Open Questions:

* Applications to high energy/holography?
* Are two copies of entanglement spectrum needed?
* |Isthe conjecture about approximate Markov chains true?

 Thermal state has same symmetries as original state. Mapping
from 2D (zero temperature) to 1D (thermal). Is it useful for
classification of (symmetry-protected) phases?



Structure of Recovery Map

There exists an operator X[/ such that

OTHIABC ~iddA QrxlB—BC (0dABTHIABC )=XIF (trl
BIR [XIBT71 plABTHIBC ( (@5?—1 I JQpTHIBTR

A

4
L 1 [4
| 1 <
<L
A B — BIR ¢ :
| | o1 J | |
<L




Structure of Recovery Map

There exists an operator X[/ such that

OTHIABC ~iddA QrxlB—BC (0dABTHIABC )=XIF (trl
BIR [X1BT71 plABfHELPgBC (@57—1 I JQpTHIBTR

' 2
I.

A

Difficulty: «//F—-AC is a trace-increasing map

A FTL BTR C




Repeat-until-success Method

We normalize xd5—FC and define a CPTD-map A JF—-F5C.
— Succeed to recover with a constant probability p.
A BIN B INEBIN-1 FI2 Bl2 FI1 Rl A
———t - ———
[ 2/
Fail Trace out B 41 Fail Fail | Traceout ZJN | Fail
App_l)v[/;\éb:fl BI1 C&apply A —1.C&apply A %
Success 151 S50 5 — JBINSBIN—
: Sugeesg 1 ¢ Success, ('
Obtain a state = THIABC

U Choose N~/ (|B|=0(112)).
—Total error=Fail probability (1—z)7/ + approx. error O (eT-0(/) )=0(eT-0(J) ).



Locality of Perturbations

The key point in the proof:

For a short-ranged Hamiltonian b’, the local perturbation to Honly
perturb the Gibbs state locally.
/

/Iy
————

(A useful lemma by Araki (Araki, ‘69)
For 1D Hamiltonian with short-range interaction /#,

[[eTH+V eT—H —eTHII+V eT-HIl [|<O(eT-0()) )

) ¥
el—pFH —sel—f(H+V) =Xl eT—fFH XIITt
Xl =el=L/2 (HI+V) elf/2 Hi/

<— Local



Proof for y#z0

thm 1 Suppose |’l,b> satisfies the area law assumption. Then

Q

I(A:C|B)
min  S(papcl|lexp(Hap + Hpc)/Z)

Hap,HBc

27y

Q




Proof for y#z0

We follow the strategy of (Kato et al ‘15) for the zero-correlation length case

Area Law implies

I(A: By|B;) ~ 0
I(C: By|Bs) ~ 0

A

A : B, — BlA
By Fawzi-Renner Bound, there are channels s.t.

AZBQ—)BQC

A(pB.B.) X PABIB.y A(PBiBs) R PBLBsC



Proof for yz0

- ABl—)B1A ® ABQ-)BQC(

Define: 0 AB,B,C :03132)

Wehave PAB =~ 0AB, PBC ~ OB(C

It follows that C can be reconstructed from B. Therefore

I(A:C|B)s =0



Proof for yz0

ABl—)B1A ® ABQ-)BQC(

Define: 0O AB,B,C ‘— PB1Bz)

Wehave PAB =~ 0AB, PBC ~ OB(C

It follows that C can be reconstructed from B. Therefore

I(A:C|B)s =0

Since
I(A:C|B)s = S(0apc| exp(log(car)) +log(opc)) — log(op)))
T = O with

7 :=exp(log(cap) + log(opc) — log(op))/tr(...)
so [(A:C|B), =0



Proof for yz0

Since I(A: C|B); =0
S(ABC), =~ S(AB).+ S(BC), —S(B)x
~ S(AB),+ S(BC),— S(B),
S(ABC), +I(A: C|B),

Let R, be the set of Gibbs states of Hamiltonians H = H,; + Hy.. Then

VERQ

min S(pllv) = min —5(p) — tr(plogv)
~ I(A:C|B),+ Heul? —S(m) — tr(plogv)
~ I(A:C|B),+ min —S(m) — tr(mlogv)
)

= I(A:C|B

P



Summary

* Locality of EE (area law) implies locality of boundary states
and entanglement spectrum

 Quantum Approximate Markov Chains are Thermal

Open Questions:

* Applications to high energy/holography?
* Are two copies of entanglement spectrum needed?
* |Isthe conjecture about approximate Markov chains true?

 Thermal state has same symmetries as original state. Mapping
from 2D (zero temperature) to 1D (thermal). Useful for
classification of (symmetry-protected) phases?



