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Outline

e Introduction.
e Results:

@ Derivation of the time-dependent Hartree-Fock equation, for pure
and mixed states, with bounded interaction potentials.

@ Extension to Coulomb interactions.

e Conclusions.
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Introduction

Fermionic mean field regime
e N interacting fermionic particles in R3, ¢y € L2(R3V).

V(z; — x;) = pair interaction potential, Vex(x;) = confining potential.

System confined in A C R3, |A| = O(1). Density = O(N).
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Fermionic mean field regime

e N interacting fermionic particles in R3, ¢y € L2(R3V).

V(z; — x;) = pair interaction potential, Vex(x;) = confining potential.

System confined in A C R3, |A| = O(1). Density = O(N).

e Mean field regime. V varies on scale O(1), and V — N~/?V. In fact:

Bt = (U, Yie; Viws — 25)thy) = O(N?)
Brin = (Un, N —Ay,0n) = N3 (by Lieb-Thirring inequality)
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Introduction

Fermionic mean field regime

e N interacting fermionic particles in R3, ¢y € L2(R3V).
V(z; — x;) = pair interaction potential, Vex(x;) = confining potential.
System confined in A C R3, |A| = O(1). Density = O(N).

e Mean field regime. V varies on scale O(1), and V — N~/?V. In fact:
Eine = (¥, Zf\ij V(z; —z)¢n) = O(N?)
Eyin = (¥, Zfil —A,,n) > N°/3  (by Lieb-Thirring inequality)

e Mean field Hamiltonian:

N N
Hy™ o= [ = A+ Vexi(a)] + N7V2 Y V(i — )

j=1 i<j
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Hartree-Fock theory

e Hartree-Fock ground state energy:

N : t
EHF = lnfll)smmr <wSIater7 Hﬁap¢S1ater>

wSIater(ﬁrlw .. 7xN) = \/%det f’L(xj) ; <fzvf]> = 572]' .

<1/)Slatera H;\?ap¢81ater> = tI‘(—A + ‘/ext)WN
1
T oN1B /V(m — y)(wn (@ 2)wn (y3y) — o (2;9)]%)

One expects that, as N — oco:

L (, HEPy)
f PPN PR
veLZ®N) (), ¥)

Proven for large atoms: Bach ’92, Graf-Solovej '94.

Ebg = = B + smaller order terms ,
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Hartree-Fock theory

e Hartree-Fock ground state energy:

N : t
EHF = lnfll)smmr <wSIater7 H]\;ap¢S1ater>

wSIater(ﬁrla' .. 7xN) = \/%det f’L(xj) ; <fzvf]> = 572]' .

® Setting WN = NtrQ,...,N |¢Slater><¢51a‘cer| = Zzl\il |fz><f7,|,
<1/)Slatera H;\l;ap¢81ater> = tI‘(—A + ‘/ext)WN
1
T oN1B /V(m — y)(wn (@ 2)wn (y3y) — o (2;9)]%)

One expects that, as N — oco:

L (, HEPy)
f PPN PR
veLZ®N) (), ¥)

Proven for large atoms: Bach ’92, Graf-Solovej '94.

Ebg = = B + smaller order terms ,

e Next: Thomas-Fermi theory (Lieb—Simon '73, Fournais-Lewin-Solovej ’15).
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Introduction

Fermionic mean-field dynamics

e Suppose that Vo = 0 at £ = 0. Dynamics:

iath,T = {Z A% + N~ 1/3ZV i — T }1/)1\/7-,—

1<J

o Fiin ~ N°/3 = velocity ~ N/3. Time scale: 7 ~ N~/3,
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Introduction

Fermionic mean-field dynamics

e Suppose that Vo = 0 at £ = 0. Dynamics:

iath,T = {Z A% + N~ 1/3ZV i — T }1/)1\/7-,—

1<J
o Fiin ~ N°/3 = velocity ~ N/3. Time scale: 7 ~ N~/3,

e Introducing the rescaled time ¢t = N1/37:

N N
NV = | D =B+ N7V @ — ) [

j=1 i<j
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Introduction

Fermionic mean-field dynamics

Suppose that Ve = 0 at ¢ = 0. Dynamics:

iaﬂ/)N,T = {Z Ax7 + N~ 1/3ZV i — T }1/)1\/7-,—

1<J

Fiin ~ N3 = velocity ~ N'/3. Time scale: 7 ~ N~1/3,

Introducing the rescaled time ¢t = N/37:

N N
iN1/3at’§/JN’t == [Z —Aj + N_1/3 Z V(fEZ — .’E]):| wN,t
j=1 i<j
o Let ¢ = N~/3. Multiplying LHS and RHS by &2:
N

N
is@tht = [Z —SQAJ' + N71 ZV(I‘; - 5133)] wN,t

j=1 i<j

Mean-field limit coupled with a semiclassical scaling.
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Introduction

Hartree-Fock and Vlasov dynamics

o Let ’yj(\}) = Ntra, n|Yn)(¥n| ~ wn, with wy = w3, (Slater det.).

e Expect: for N > 1, 'y](\}y)t ~ wy, = solution of time dep. HF equation:

is@th,t = [—62A + V% Pt — Xt, (.UNJ]

where Pt(x) = N_le,t(QU; z) and Xy (z;y) = N_lV(x - y)wN)t(x; Y)-
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Introduction

Hartree-Fock and Vlasov dynamics

o Let ’y(l) Ntro  n|YN){UN] ~wn, with wy = w]2\, (Slater det.).

e Expect: for N > 1, vy )t wp,¢ = solution of time dep. HF equation:

is@th,t = [—62A + V% Pt — Xt, (.UNJ]

where p;(7) = N_le,t(UU% r) and X (7;y) = N_lV(x —y)wn,i(T5y).
e Wigner transform of wy ¢
Wi (2, p) := 763 /dyw (m—l—ag m—sg)e_ip'y
N,t\ Ly . (271_)3 N,t 27 )

As N — oo, Vlasov equation:

6tWoo,t(xap) +p- VIWoo,t(Iap) = (Vzv * pt)(x) : vaoo,t(xap)
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Hartree-Fock and Vlasov dynamics

o Let ’y(l) Ntro  n|YN){UN] ~wn, with wy = w]2\, (Slater det.).
.

e Expect: for N > 1, 7y} ~ wn ¢ = solution of time dep. HF equation:

is@th,t = [—62A + V% Pt — Xt, (.UNJ]

where p;(7) = N_le,t(UU% r) and X (7;y) = N_lV(x —y)wn,i(T5y).
e Wigner transform of wy ¢
Wi (2, p) := 763 /dyw (m—l—ag m—sg)e_ip'y
N,t\ Ly . (271_)3 N,t 27 )

As N — oo, Vlasov equation:

6tWoo,t(xap) +p- VIWoo,t(Iap) = (Vzv * pt)(x) : vaoo,t(xap)

® Narnhofer-Sewell '81, Spohn ’81; Elgart-Erdds-Schlein-Yau ’04;
Bardos-Golse-Gottlieb-Mauser ’03, Frohlich-Knowles 11
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Results
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Pure states

Hartree-Fock dynamics of pure states

@ (interaction) V € L'(R3), such that [ dp V(p)|(1+ |p|)? < oco.
@ (initial data) ¢y € L2(R3*VN) s.t. tr \’yl(\}) —wy| < O, with wy = w% and

tr|[e*, wy]| < CNe(1+q|), tr|[eV,wn]] < CNe

Theorem (Benedikter-P-Schlein, Comm. Math. Phys. '14)

Let 75\}),5 be the reduced 1PDM of ¥y = e tHNt/ey . Let wn,¢ be the sol. of
iedwng = [—2 A+ V x pr — Xy, wna] WN,0 = WN
Then, for some constant ¢ > 0 and for all t € R:

1 1
17§ — wnellas < exp(eexp(elt])) ,  trivg) — wael < NY2exp(cexp(clt]))
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Pure states

Remarks

@ Result still holds replacing Hartree-Fock with Hartree:
ia@tfuN,t = [—€2A + V% pt,@N’t]

@ Pscudorelativistic case [Benedikter-P-Schlein, J. Math. Phys. ’14]:

ze@tht—(Z\/—EQA +m?2+ N~ 1ZV Ty — T )¢Nt

1<j

with m = O(1). Under similar assumptions, we proved the emergence of
the pseudorelativistic time-dependent HF equation:

iedwn = [V —e2A4+m2+V xp, — Xy, wn,] -

© Commutator estimates = semiclassical structure. Implied by

N(Z;y) = N(p( )g(x;y) for suitable @, &.

true for the semiclassical approximation of the HF ground state.
@ Similar result: Petrat-Pickl '14.
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Mixed states

Hartree-Fock dynamics of mixed states

@ (interaction) V € L'(R3), [dp V(p)|(1+|p|?) < +oo.
@ (initial data) Quasi-free mixed state with 1IPDM wy, s.t. 0 < wy < 1 and

tr |[z, Vwn]|? < CNe? tr|[eV, Vun]|* < ONe?
tr [z, V1 — wy]|* < ONe? tr|[eV, V1 — wy]|? < CNe?

Theorem (Benedikter-Jaksic-P-Saffirio-Schlein, CPAM ’15)

Let 'y(l) be the 1PDM of the many-body evolution of the initial state. Let wy
be the solution of

isath,t = [7€2A+V*pt th,wNvt] s WN,0 = WN
Then, for some constant ¢ > 0 and for all t € R:

1 1
Iv§) — wivellzs < exp(cexp(elt])) . trlyyy — wnel < NY2exp(cexp(clt]))
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Sketch of the proof

HF dynamics of pure states - sketch of the proof

e Fock space representation:

FPR)) =P LIR™),  Fao=(0eW,. .. o™, . )
n>0

{a(f),a™(9)} = (fr9),  A{a(f) alg)} = {a”(f),a"(9)} = 0.
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e Fock space representation:

FPR)) =P LIR™),  Fao=(0eW,. .. o™, . )
n>0

{a(f),a™(9)} = (fr9),  A{a(f) alg)} = {a”(f),a"(9)} = 0.

e For simplicity: ¢¥n = Ysiater- On F, Yslater ~ Rug (2
with R, = Bogoliubov transformation and Q = (1,0,...,0,...).
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Sketch of the proof

HF dynamics of pure states - sketch of the proof

e Fock space representation:

FLPR) =P LIR™),  Foo=_(0e", . .. 0", . .
n>0

{a(f),a™(9)} = (fr9),  A{a(f) alg)} = {a”(f),a"(9)} = 0.

e For simplicity: ¢¥n = Ysiater- On F, Yslater ~ Rug (2
with R, = Bogoliubov transformation and Q = (1,0,...,0,...).

[Mixed states can be represented via Bogoliubov transformations on
F(L? @ L?): Araki-Wyss representation.]
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Sketch of the proof

HF dynamics of pure states - sketch of the proof

e Fock space representation:

FPR)) =P LIR™),  Fao=(0eW,. .. o™, . )
n>0

{a(f),a™(9)} = (fr9),  A{a(f) alg)} = {a”(f),a"(9)} = 0.

e For simplicity: ¥n = ¥siater- On F, Ysiater ~ L, §2,
with R, = Bogoliubov transformation and Q = (1,0,...,0,...).
[Mixed states can be represented via Bogoliubov transformations on
F(L? @ L?): Araki-Wyss representation.]
o We get:
Ivi7h = wnallrs < CUn (D) NUN (1))
with Uy (t) = Ry, e Hat/e R, and (Np)™ = np(™.

e Goal: prove Uy (t)Q, NUN()Q) < C(t), uniformly in N. Implied by:

|iedy (Un ()2, NUN (1)Q2)] < Ce(Un (8)Q2, NUN (1)R)
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Sketch of the proof

HF dynamics of pure states - sketch of the proof

e We have:
120, U (10, N (09) = U (1), [N, Ly (6] U (1))
with £y (t) the generator of Uy (t). The largest contribution comes from:

% / dazdy V(z — y)a(ug)a(uy)a(ty)a(vy) + h.c.

with u =1 —wny, v*v = wy ¢ and vu = 0.
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Sketch of the proof

HF dynamics of pure states - sketch of the proof

e We have:
120, U (10, N (09) = U (1), [N, Ly (6] U (1))
with £y (t) the generator of Uy (t). The largest contribution comes from:

1 A ) )
ﬁ/de(p)/dz (vePTu)(ry,r3) (Ve PPU)(re, '4)Qry QryGry Qr,y

with u =1 —wny, v*v = wy ¢ and vu = 0.
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Sketch of the proof

HF dynamics of pure states - sketch of the proof

e We have:
€0 (Un () NUN (1)Q) = Un ()2 [NV, Ly ()] Un (£)C2)
with Ly (t) the generator of Uy (t). The largest contribution comes from:

1 N . .
ﬁ/de(p)/dﬂ(v[eww,wN7tD(T1,7‘3)(U[eilpm,wN)t])(TQ,?"4)(17«10,7,2&7,30,7"4

with u =1 —wn,, vV = wn, and vu = 0.
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Sketch of the proof

HF dynamics of pure states - sketch of the proof

e We have:
€0 (UN()QNUN ()Q) = UNQ, [N, Ly ()] Un (1))

with Ly (t) the generator of Uy (t). The largest contribution comes from:

1 N . )
o [ @V [dele™ wn)rn ) ole ™ wn )0z rananaan,

with u =1 —wn,, vV = wn, and vu = 0. Expectation bounded by:
N~'sup WWN@Q,NUN@)Q) < C(t)=Un ()2 NUN (1)Q)
2
thanks to the propagation of the semiclassical structure:
tr|[wn g, €P7]] < CetINe(1 + [p]) tr|[wn.s, eV]] < CeltINe
]
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Coulomb interactions

Coulomb interactions?

e For Coulomb interactions, V(p) = p~2: slow decay in p.

e Instead of Fourier, use (smoothed) Fefferman-de la Llave representation:

1 4/0°° drris/dzx(|x—z|/r)x(|y_z|/r), X(p) = e_pz .

o=y 2
Here, one has to control commutators [x(|x|/r),wn ]. Need to:

e use the smallness of the support of x(|z|/r) to control the 75,

e extract a factor € from the commutator.

e = A more local notion of semiclassical structure is needed to control the
commutators.
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Coulomb interactions

Coulomb interactions?

e For Coulomb interactions, V(p) = p~2: slow decay in p.

e Instead of Fourier, use (smoothed) Fefferman-de la Llave representation:

1 4 /0°° drris/dzx(lx —z|/r)x(ly — 2|/r), (o) = ="

o=y 2
Here, one has to control commutators [x(|x|/r),wn ]. Need to:

e use the smallness of the support of x(|z|/r) to control the 75,

e extract a factor € from the commutator.

e = A more local notion of semiclassical structure is needed to control the
commutators.

e Results on short time scales, without semiclassical structure:

Bach-Breteaux-Petrat-Pickl-Tzaneteas '14, Petrat ’16.
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Coulomb interactions

Hartree-Fock dynamics for Coulomb interactions

o Let ¢y € L2(R3Y) sit. tr|y\y) —wy| < C, with wy = w?.
Let pjjwy 0] (%) := |[wn e, 7]|(2; 7). Suppose that 3T > 0 s.t.:

SUp ||p|ww el It + 12)jwnc.alllp < CNe, for some p > 5 .
t€[0,T7]

Theorem (P-Rademacher-Saffirio-Schlein, arXiv:1608.05268)

Let 7(1) be the reduced 1PDM of Y+ = e tHNt/eq et wn,+ be the sol. of
iedwng = [—2 A+ V x pr — Xy, wna] WN,0 = WN
with V(x —y) = |z — y|~t. Then, for every § > 0 there exists C > 0 s.t.:

sup ||’7Nt —wntllas < CN5/12+6 i T] B |7Nt —wnt < CN1/12+8
t€[0,T) telo,
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Conclusions

Conclusions
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Conclusions

Conclusions

e We proved the convergence of many-body dynamics to the Hartree-Fock
dynamics, for pure and mixed states, in the mean field scaling.

e A crucial role is played by the semiclassical structure of the initial data,
which can be propagated along the HF flow, for bounded potentials.

e Extension to Coulomb interactions, if the semiclassical structure holds at
positive times (trivially true for translation invariant systems).

e Other results. Derivation of the Vlasov equation, staring from the HF
equation, for pure and mixed states: Benedikter-P-Saffirio-Schlein, ARMA ’16

e Open problems.

Propagation of the semiclassical structure for Coulomb potentials?

Stability of BCS initial data?

Other scaling regimes (quantum Boltzmann)?
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Mixed states

Mixed states

e So far, we considered initial data close to ¥sjater (pure quasi-free state).
OK for T'= 0. What happens at T" > 07
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Mixed states

Mixed states

e So far, we considered initial data close to ¥sjater (pure quasi-free state).
OK for T'= 0. What happens at T" > 07

e In general, a fermionic state corresponds to a density matrix

pn  F = F,
v = Malen)nl, 0<A <1, € F=FLARY)
n>0

For T > 0, py is not a rank-1 projection on F.
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Mixed states

Mixed states

e So far, we considered initial data close to ¥sjater (pure quasi-free state).
OK for T'= 0. What happens at T" > 07

e In general, a fermionic state corresponds to a density matrix

pn  F = F,
v = Malen)nl, 0<A <1, € F=FLARY)
n>0

For T > 0, py is not a rank-1 projection on F.

e However, we can still represent it with a pure state as follows. Let

iy =y = 3 A2 n) (Wn| = Y N2 @Y, € FO F
n>0 n>0
The state of the system is represented by a vector in F ® F:

(O)py =t17O0pn = (kn, O @ 1 kN)
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Mixed states

Mixed states

o F(L2(R?)) ® F(L(R?)) & F(L2(R?) @ L2(R?)). The unitary U that
conjugates the two spaces is called exponential law.
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Mixed states

Mixed states
o F(L2(R?)) ® F(L(R?)) & F(L2(R?) @ L2(R?)). The unitary U that
conjugates the two spaces is called exponential law.
e A mixed quasi-free state is represented by a vector RoQr(r2¢12), Where

Ry implements a Bogoliubov transformation (= Araki-Wyss
representation)
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Mixed states

Mixed states

o F(L2(R?)) ® F(L(R?)) & F(L2(R?) @ L2(R?)). The unitary U that
conjugates the two spaces is called exponential law.

e A mixed quasi-free state is represented by a vector RoQr(r2¢12), Where
Ry implements a Bogoliubov transformation (= Araki-Wyss
representation)

e Dynamics generated by the Liouvillian Ly :=U(Hny ®1 -1 Hy)U*

e*iﬁ]\]ﬁ/&RO

PNt = Qr2eL2)
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Mixed states

Mixed states

o F(L2(R?)) ® F(L(R?)) & F(L2(R?) @ L2(R?)). The unitary U that
conjugates the two spaces is called exponential law.

e A mixed quasi-free state is represented by a vector RoQr(r2¢12), Where
Ry implements a Bogoliubov transformation (= Araki-Wyss
representation)

e Dynamics generated by the Liouvillian Ly :=U(Hny ®1 -1 Hy)U*

eiiﬁNt/sROQ}'(LQEBL?')

PNt =
e It follows that

1
1Y) — wae

with Uy (t) := Rfe "Nt/ERy.

s < CUNQLN UN(HQ)

e Gronwall-type estimate plus propagation of semiclassical structure
implies:

Un )N UN()Q) < C(1)
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