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Motivation

» Semiclassical Schrédinger equation
ideWe = ((iV + Ar)* + Vo)W,

with classical A and V.
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Motivation

» Semiclassical Schrédinger equation

ideWe = ((iV + Ar)* + Vo)W,

with classical A and V.
» Goal: Derive this equation from QED.

» Standard textbook argument: Heisenberg equations
Problem: Result on expectation values only,
to general.
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» Known fact: Photons in a coherent state interact with charges
classically.
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Skeleton of a proof

» Known fact: Photons in a coherent state interact with charges
classically.

» We want a system, where photons are created by the charges.
» Problem: prove classical behaviour of back-reaction on the charges.
» Main Idea: Special system of bosons in a condensate.
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Skeleton of a proof

» Known fact: Photons in a coherent state interact with charges
classically.

» We want a system, where photons are created by the charges.
» Problem: prove classical behaviour of back-reaction on the charges.

» Main Idea: Special system of bosons in a condensate.
semiclassical equation via mean field limit.
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Mean field for the bosons: The Hartree equation

N N
H=Y =0+ > Alg)+ N> V(x5 —x)
j=1 j=1

k<j
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Mean field for the bosons: The Hartree equation

H= Z A+ZA 05) + N V(x5 — xe)

k<j
Interaction , felt" by each particle of order one
N ;
\UO = HJ:1 (bo()(_,) Idt\Ut = Ht\Ut
Interaction destroys product structure.
Question:

> In which regimes: W, ~ [T/, ¢:(x)
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Mean field for the bosons: The Hartree equation

H= Z A+ZA 05) + N V(x5 — xe)

k<j

Interaction , felt" by each particle of order one
Vo = HjN:I do(x;) ideVe = He W
Interaction destroys product structure.
Question:

> In which regimes: W, ~ [T/, ¢:(x)

» What is ¢;7
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Mean field for “particle 1"

AN

X, X X XeX, Xy XeXs  Xe o Xe X,

W(x) = N1 jN:2 V(x1 — x;) for fixed, |¢po|?- distributed x,, ..., xy.
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W(x) = N1 jN:2 V(x1 — x;) for fixed, |¢po|?- distributed x,, ..., xy.
Law of large numbers: |¢o|? close to the empirical density po.
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Mean field for “particle 1"

R Tk ke Kk K ReX,

W(x) =Nt j/v:2 V(x1 — x;) for fixed, |¢po|?- distributed x,, ..., xy.
Law of large numbers: |¢o|? close to the empirical density po.
W(x1) = V x |do[?(x1) (“Mean field").
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Mean field for “particle 1"

R Tk ke Kk K ReX,
W(x) =Nt j/v:2 V(x1 — x;) for fixed, |¢po|?- distributed x,, ..., xy.
Law of large numbers: |¢o|? close to the empirical density po.
W(x) = V % |po|*>(xa) (“Mean field").
Effective Dynamics: Hartree equation
idt(z)t == (7A + At + V* ‘¢t|2) ¢t .
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Gronwall argument
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Gronwall argument

X2 XSXA XH XQXB Xio xﬂ X1
LSPRERTY

Let a; be a measure for the dirt in the condensate:

dray < Clay + 0(1))
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Gronwall argument

X, X5 X, XsXg Xy XoXg Xio o Xo X,
Xi213,14

Let a; be a measure for the dirt in the condensate:
dtOét S C(Oét + O(l))

Gronwall: o, stays small if ap was small (o < et + 0(1))
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» Macroscopic equations make only sense for systems with many
bosons or heavy, well localized bosons:
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» Macroscopic equations make only sense for systems with many
bosons or heavy, well localized bosons:

» Microscopic system is linear, linearity is broken by the initial
condition (product state).

ickl Mathematisches Institu U joint work with Nikolai Leopold

on of the Maxwell-Sc nger Equations from the Pa z Hamiltonian



Some remarks

» Macroscopic equations make only sense for systems with many
bosons or heavy, well localized bosons:

» Microscopic system is linear, linearity is broken by the initial
condition (product state).
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Some remarks

» Macroscopic equations make only sense for systems with many
bosons or heavy, well localized bosons:

» Microscopic system is linear, linearity is broken by the initial
condition (product state).

» Flux and density have to be empirical flux and density.

» Good argument takes care of this, looking at Heisenberg-equations is
not enough.
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The microscopic system

i0:Wn(t) = HYWp(t), Wn(0) = Wpo,
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The microscopic system

i0:Wn(t) = HYWp(t), Wn(0) = Wpo,

Pauli-Fierz Hamiltonian

N N

2
. A.(x) 1
Hg: E —IVJ'— J + — E V(Xj—Xk)—‘er
VN N 1<j<k<N

j=t
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The microscopic system

i0:Wn(t) = HYWp(t), Wn(0) = Wpo,

Pauli-Fierz Hamiltonian

N -~ 2
Hﬁ:Z(—ivj—Af/(N’g)> +% > vl —x)+ H

j=1 1<j<k<N

second quantized A-field

A.(x) = Pk (k) ——ex (K) (e k,X\) 4+ e~ a* (k, A
() Z/ () 3rer(R) (¢4alk, ) + &3 (k.)
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The macroscopic system

Hertree-Maxwells equation

/atsot(x) = (=19 = (s x A, ) + (v ) 1),

( at):

OtA(x, t) = —E(x, t),
tE(x, t) = (—AA) (x, ) — (1 = VdivA™) (k% j,) (),
Je(x) =2 (S(pr Veor) (x) — e (x) (5 x A)(x, 1))
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Gronwall-type estimate

63 = <<\|1Nta Q17\|’Nt>>
o= 3 [ artrdtwm (TE - azn)) (B - aen) v

A=1,2
N N
B¢ = (((I_/I\f/" — SM[@t,at]> Ve, (HNm - Sm[%ozt]) Wine))
K20 (k. ) == —=ex(K) - (KIFTIAI(K, t) — iFTE](k. 1))

V2
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Gronwall-type estimate

63 = <<\|1Nta Q17\|’Nt>>
o= 3 [ artrdtwm (TE - azn)) (B - aen) v

A=1,2
N N
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32 measure for the dirt in the condensate
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Gronwall-type estimate

63 = <<\|1Nta Q17\|’Nt>>
o= 3 [ artrdtwm (TE - azn)) (B - aen) v

A=1,2

5= (M2~ eutoniadd) Vi, (B2 o) )
1

kY2 (K, ) = EGA(k) - (|k|FTIA]l(k,t) — iFT[E](k,t))

32 measure for the dirt in the condensate
(3P measures the distance of the photon field from a coherent state.
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Gronwall-type estimate
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32 measure for the dirt in the condensate
(3P measures the distance of the photon field from a coherent state.
(B¢ measures the distance of the energies.
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Gronwall-type estimate

63 = <<\|1Nta Q17\|’Nt>>
o= 3 [ artrdtwm (TE - azn)) (B - aen) v

A=1,2

5= (M2~ eutoniadd) Vi, (B2 o) )
1

kY2 (K, ) = EGA(k) - (|k|FTIA]l(k,t) — iFT[E](k,t))

32 measure for the dirt in the condensate
(3P measures the distance of the photon field from a coherent state.
(B¢ measures the distance of the energies.

Gronwall: 3, < C(B + o(N)) and B small implies j3; is small.
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