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The main aim of the talk is the investigation of the essential spectrum of
the quantum graphs. For this aim we use the limit operators method (see
for instance the book)

@ V.S5.Rabinovich, S. Roch, B.Silbermann, Limit Operators and its
Applications in the Operator Theory, In ser. Operator Theory:
Advances and Applications, vol 150, ISBN 3-7643-7081-5, Birkhsuser

Velag, 2004, 392 pp.

Earlier this method was successfully applied to the study of the essential
spectrum of electromagnetic Schrédinger and Dirac operators on IR” for
wide classes of potentials. In particular, a very simple and transparent
proof of the Hunziker-van Winter-Zhislin Theorem (HWZ-Theorem) for
multi-particle Hamiltonians has been obtained.

e V. Rabinovich, Essential spectrum of perturbed pseudodifferential
operators. Applications to the Schrédinger, Klein-Gordon, and Dirac
operators, Russian Journal of Math. Physics, Vol.12, No.1, 2005, p.
62-80
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The limit operators method also was applied to the study of the location
of the essential spectrum of discrete Schrédinger and Dirac operators on
Z.", and on periodic combinatorial graphs.

e V.5. Rabinovich, S. Roch, The essential spectrum of Schrédinger
operators on lattice, Journal of Physics A, Math. Theor. 39 (2006)
8377-8394

@ V.S. Rabinovich, S. Roch, Essential spectra of difference operators
on Z"-periodic graphs, J. of Physics A: Math. Theor. ISSN
1751-8113, 40 (2007) 10109-10128
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Periodic metric graphs

We consider a periodic metric graph I' embedded in IR"”. We suppose that
a graph T consists of a countably infinite set of vertices V = {v;};,c7 and
aset & = {gj}jc, of edges connecting these vertices. Each edge e is a line
segment

[0, f] = {xeR?:x=(1-0)a+6B,0€[01]} CR?

connecting its endpoints (vertices &, ), and we suppose that for the every
pair of vertices {a, B} there exists not more than one edge connecting this
pair. Let £, be a set of edges incident to the vertex v (i.e., containing v).
We will always assume that the degree (valence) d(v) ( the number of
points of £,) of any vertex v is finite and positive. Vertices with no
incident edges are not allowed.
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For each edge e = [, B] we assign its length o = ||a — B||g. < 0. We

also suppose that the graph T' is a connected set. The graph is a metric
space with a metric induced by the standard metric of IR". The topology
on I' is induced also by the topology on IR”, and the measure d/ on I is

the line Lebesgue measure on every edge.
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We suppose that on the graph I' C IR” acts a group G isomorphic to
Z™ 1< m<n, thatis

m
G:{gEIR” cg =) wjej, 0 €Z,¢ GIR"}
j=1

where the system {e1, ..., ¢y} is linear independent. The group G acts on
I by the shifts

GxT'>(g,x)—g+xerl,

where g + x is the sum of the vectors in IR”. We suppose that the group
G acts freely on X, that is if g + x = x for some x € I, then g = 0.
Moreover we suppose that the action of G on I is co-compact, that is the
fundamental domain I'g = I'/G of T" with respect to the action of G on T
is a compact set in the corresponding quotient topology. Let Gy C T be a
measurable set with the compact closure which contains for every x € T
exactly one element of the quotient class x + G €I'/G. There exists a
natural one-to-one mapping Gy — I'/G which is the composition of the
inclusion mapping Gy C I' and the canonical projection ' — I'/G.
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Let G, = Gy + h, h € G. Then
GhlﬂGh2 =0 if 75 hy,

and

U G =T.

heG

We say that the graph I is periodic with respect to G if the above given
conditions are satisfied.
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We denote by L?(T) the space of measurable functions on T with the norm

lull2py = </| )P dx)1/2= (eeg/| )2 dx) ’

and the scalar product
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Schrédinger operators on on the periodic graph

Let I' C IR” be a periodic with respect to G metric graph. We denote by
H%(e), e € £, s € R the Sobolev space on the edge e, and let

H(T) = P He(e)

ecf

with the norm
1/2
2
[ull e ry = <Z ||ue||H5(e)> :
ect

We denote &, the set of edges incident v, and let d(v) € IN be a number
of the edges in £, (The periodicity of the graph I' implies that
div+g)=d(v) forevery v € V and g € G).
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We consider the Schrédinger operator on T

d?u(x)

Hu(x) = — 7

+g(x)u(x),x €eT\V, (1)

where g € L®(T'). We provide the operator H by the Kirchhoff-Neumann
conditions at the every vertex v € V.

ue(v) = ug(v), ifee €&, and ) u, =0 (2)

ect,

where the orientations of the edges e € &£, are taken as outgoing from v.
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By the usual way we obtain that

Re (Hu, u) > m, H“H%(r) Ju€ H(T), mg = ianRe q(x). (3)
Xe
This property implies that the operator H provided by the
Kirchhoff-Neumann conditions (2) defines an unbounded closed operator
H in L2(T) with the domain H?(T'), and H is a selfadjoint operator if the
potential g is a real-valued function.
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We recall that a closed unbounded operator A acting in the Hilbert space
X with dense domain D, is called a Fredholm operator if ker A is a finite
dimensional sub-space of X, Im A is closed in X, and X/ImA is a
finite-dimensional space. We introduce in X; = D4 the norm of the
graphics

2 2\1/2
lullp, = (lully + lAul3) " (4)

Since A is closed, X7 is a Banach space. Then A is a Fredholm operator as
unbounded operator in X if and only if A: X; — X is a Fredholm
operator as a bounded operator.
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Note that the norm in H?(T') equivalents to the graphic norm in Dy

5 1/2
lullon, = (luliar) + I1Hul 2 r))

since the potential g € L®(T'). Hence the Fredholmness of the operator
H as an unbounded operator in L?(T) with domain H?(T') is equivalent to
the Fredholmness of H as a bounded operator from AH2(T) into L2(T).
We recall that the essential spectrum sp.ssH of H is the set of all A € C
such that the operator H — A/ is not Fredholm operator as unbounded in
L2(T) with domain A?(T'). Note that for a self-adjoint operator H

SPdis H =spH \ Spess H
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Limit operators

Let h € G. Then the shift (translation) operators
Vou(x) =u(x—h),xeT, heG

are isometric operators in L2(I') and H?(T). Moreover if u € H?(T)
satisfies the Kirchhoff-Neumann conditions at the every vertex v € V the
function Vju also satisfies these conditions for every v € V. Hence Vj, is
an isometric operator in H?(T).
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Let G 3 hy — 0. We consider the family of operators
V_p HVy, : H*(T) — L3(T)
defined by the Schrédinger operators

d?u(x)

thkHthU(X) = (—W

+ q(x+ hy))u(x), x € T\V.

We say that the potential g € L®(T) is rich, if for every sequence
G > hy — oo there exists a subsequence G 3 gx — oo and a limit function
g8 € L®(T) such that

lim sup |g(x+gk)—q®(x)| =0 (5)

k—coyeKcT

for every compact set K C .
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Let g € Cp,(T) the space of bounded uniformly continuous functions on
I'.If g€ Cpu(T) the sequence {q(x + hi),x € T, hy € G} is uniformly
bounded and equicontinuous. Then by Arzela-Ascoli Theorem there exists
a subsequence {q(x + gk),x € I', gk € G} such that (5) holds.

Essential Spectrum of Schrédinger Operators
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Essential spectrum of Schrédinger operators on periodic

graphs and limit operators

Let g € L™(T) be a potential and a sequence G > gx — oo is such

lim sup |g(x+gk)—¢q®(x)| =0 (6)
k=00 xeKcCT
for every compact set K C T’ and a function g& € L*(T). Then the

unbounded in L?(T') operator H& with domain H?(T') generated by the
Schrédinger operator

H&u(x) = — dzdl;(zx) +q8(x)u(x),x € T\V

is called the limit operator of H defined by the sequence G > gx — oo.
We denote by Lim(H) the set of all limit operators of the the operator H.
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The main result of the talk is:

Theorem

Let T be a periodic with respect to the group G metric graph and Hq be a
Schrédinger operator in L?(T) with domain H?(T') with a rich potential
g € L®(T). Then
spesqu = U SPHg-
HEeLim(Hq)

(Institute) Essential Spectrum of Schrédinger Operators



Periodic potentials

Let T" be a graph periodic with respect to the action of the group G

m
G:{gEIR":gZ E(xjej,ocjeZ,ejelR”},
=1

provided by the Schrédinger operator

d2
Hqu(x) = — dL)I((zx) +g(x)u(x),x € T\V, (7)
with the potential g € L®(T') periodic with respect to the action of the
group G

gix+g)=q(x),x €T, g €G.

Since Hg is invariant with respect to shifts all limit operators Hg coincide
with Hg4. Hence by Theorem 2

Spesqu = Squ )

and the periodic operator does not have the discrete spectrum.

(Institute) Essential Spectrum of Schrédinger Operators



Let the potential g € L*(T') be a periodic with respect to G real-valued
function. Then H, with domain H?(T) is a self-adjoint operator in L2(T)
with the spectrum which has a band structure

[e]

spHq = spessHq = |J [(Xj’ 51} '

Jj=1
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Degenerated at infinity perturbations

Let
q=4qo+q1,

where gy € L®(T) is a periodic real-valued function, and g; € L*(T) is a
real valued functions such that

ral)l<n—1>oo an (X) =0
Then
'H§ =Hyg,
and hence

SPess Hg = Squo .

Hence only the discrete spectrum can be arise in the gaps of the spectrum
of the periodic operator Hg, under such sort impurities (pertrubations).
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Slowly oscillating perturbations

We say that a function a € C,(T') is slowly oscillating at infinity and
belongs to the class SO(T) if for every sequence G g™ — o

lim sup
m—o0 {x1,x0€T:|x; —x2| <1}

|3(X1 +gm)_a(x2 +gm)| =0. (8)

One can prove that SO(T') C Cp ,(T).

Let f € CL(R), a(x) = f((1+ |x])%),0 <a < 1,x € R". Then
a |r€ SO(F)

(Institute)

Essential Spectrum of Schrédinger Operators



Let a € SO(T'). Then every sequence G 3h, — co has a subsequence
gm € G such that for every x € T there exists a limit

a® =lima(x+ gm),

and a8 independent of x.
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We consider potentials of the form

q=qo+q,

where gy € L®(T') is a periodic real-valued function, and ¢; is a
real-valued function of the class SO(T'). Then the potential g is rich, and
all limit operators are of the form

HE=H

qo+qf

where gf = limy 00 g(x + gm) and g5 € R are independent of x € T.
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Then

sH§ = U [“j +ai. B+ q‘f] :
j=1
Let
my, = liminf g1(x +g), Mg, = limsup q1(x +g),x €T,
Gog—0 Gog—oo

where mg,, Mg, are independent of the choice of x € I'.
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Let m > 1. Then the set of the partial limits of the function

G €g — qi(x+g) € Riis a segment [m{, M| . Applying formula

Spesqu = U SPH‘g
HEeLim(Hq)

we obtain that

o0

SPess Hgq = U |:0(j + mg‘;,ﬁj + Mgﬂ :
j=1

(Institute) Essential Spectrum of Schrédinger Operators



In the case n = 1 the set of the partial limits has two components

[mim, Mi‘”] and we obtain that

SpeSSHq = U [(Xj + mc—;oo' .Bj + I\/l(-?kl“’] U {lxj + m;l“’,lBj + Mq_IOO} .
j=1
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We consider the gaps in the essential spectrum of H,

(B;+ Mg, aj1+mg),j=1,..., ...
Let
o) = M 5 > i — B, o

Then the gap (B;, + M, ajp+1 + mg;) d|sappears. If condition (9) is
satisfied for all j € IN all gaps in the essential spectrum of H, are
disappear and all bands of the sp.ssH, are overlapping. Hence

Spesqu = [0(11 +°°).

and
spdisHq C (mg, a1 + m,).
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Fredholm theory of bounded operators on graphs

Let @ be a function defined on IR". Then we denote by ¢ the restriction of
@ on the graph I'.

Definition

We say that A € B(L?(T)) belongs to the class A(T) if for every function
(NS Cb,u(lR")

i 1A @l eary) = Nim 1A@e! = @Al oy =0 (10)

It is easy to prove that A(T) is a C*-subalgebra of B(L?(T)).
Let Ne N, [-N,N], ={a € Z:|a| < N}, and

Gy = {g ER":g= Z(x,-e,-,a,- €[—N, N]Z}.
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We set
I'v=J G

g€Gy

and let Py € B(L%(T)) be the operator of the multiplication by the
characteristic function of I'yy, and Qn = I — Py.
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Definition

Let A€ B(L?(T)) and G > hy — 0. An operator A" € B(L?(T)) is called
a limit operator of A defined by the sequence h, € G, if for every N € IN

l H Vo, AV, — A"\ P H - 0
PENS ( hic 7V hi ) MiBzmy) 0
l HIP Vo, AV, — AP H - 0
P N( i i )B(LZ(F)) 0

We say that the operator A is rich if every sequence G 3 hy — oo has a

subsequence G 3 gx — oo defining a limit operator A8. We denote by
Lim(A) the set of all limit operators of A.

(11)
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An operator A € B(L?(T)) is called locally invertible at infinity if there
exist R € IN and operators Lg, Rg € B(L?(T)) such that

LrAQr = Qr, QrARRr = Qk.

Theorem

| A

Let A€ A(T) and be rich. Then A is locally invertible at infinity if and
only if all limit operators A" € Lim(A) are invertible in L?(T).

\
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Definition

We say that A € B(L?(T)) is a locally Fredholm operator if for every
R € IN there exits operators Lg, Rr such that

LrAPR = Pr + T} PRARR = Pg + T3,

where T € K(L(T)),j = 1,2.

Let A€ A(T). Then A is a Fredholm operator in L?(T) if and only if:

(i) A'is a locally Fredholm operator;
(ii) All limit operators A" € Lim(A) are invertible.
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Corollary

Let A€ A(T), and A be a locally Fredholm operator. Then

SPess A = U spAh, (12)
AhcLim(A)

where spessA is the essential spectrum of A in L?(T) that is the set of
A € C such that A— Al is not Fredhom operator in L?(T).
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The proof of the main theorem on the essential spectrum of quantum
graphs is reduced to the this corollary.

We denote by A the unbounded operator generated by the Schrédinger
operator —j—; on I'\V with domain 72(T). Note that A is a nonnegative
self-adjoint operator in L?(T) and spA C [0, o). Hence the operator

A = A+ k% : H*(T) — L2(T) is an isomorphism.

Then we prove that

A=HeA; € A(T), Lim(A) = Lim(Hyg),

SPessA = SPess Hq '

and the theorem on the essential spectrum of the operator H, as
unbounded in L2(T") follows from Corollary 10.
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