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1 Introduction

Fig. 1 Allotropes of Carbon [Enyashin and lvanovskii, 2011].

(1) graphene (2),(3) pentaheptites (4) haecklites (5),(6)
graphyne (10) supergraphene (12),(13) squarographene



Fig. 2 graphene (left) and supergraphene (right)

Carbyne | (Allotropes of Carbon) A Chain of Carbons
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Fig. 3 (©Yakobson, et al. (2013)

Results of Yakobson's reseach group in Rice University:

e A carbyne has an extreme tensile stiffness: It is stiffer by a
facor of two than graphene and carbon nanotubes.
e A carbyne is stronger than any other known material.



The aim of this talk is to examine the spectrum of periodic
Schrodinger operators on a zigzag supergraphene-based carbon
nanotube.

Fig. 4 a standard zigzag carbon nanotube(Left) and a
zigzag supergraphene-based carbon nanotube I'"Y (Right).



Definition 1.1. Let J = {1,2,3,...,9}. For a fixed number
N eN, weputZy=7/(NZ)=1{0,1,2,...,N —1}. For
eachw = (n,j,k) € Z:=7 x J X Zy, we define ', as in the
figure in the next slide.



Fig. 5 The picture of I';, ; &.



Taking the union | AR UowezIl'w,, we consider the Hilbert space
Hy = L*(TY) = @uezL?*(Ty,) = ®wezL?(0,1). For a real-valued function
g € L? (0, 1), we consider a Schrodinger operator defined as

(Hfu)(@) = —f1(2) + a(@) fu(z), z€(0,1) =T, we Z,

Dom(H )

( D, cz(—f +af.) € L2(TN), )
fn,l,k(l) :fn,2,k(0)7 fr/;,,l,k(l) :fylL72,k(O)7
fr2.k(1) = fn3,60), flo.(1)=f 34:(0),
frn,3,k(1) = fn,4,6(0) = frn,7,k—1(0),

;ff:z,?),(k ()1) —;fq/@,él,(k ()O) ‘|‘ff7/z,7,lz—)1 (O)f: 0, ( )

_ n,4,k 1) = n,5,k 0), 7,174,]{ 1) = 7,7,,5,k 0),

) @ fw € H fn,5,k(1) — fn,6,k(0)7 fr:L,E),k(]-) — f’){b,6,k3(0)7 > .
fr6,k(1) = frnox(l) = fnr1,1,x(0),
_fq/@,(a,k(l) - f7/1,9,k:(1) T fé+1,1,k(0) = 0,
fn,?,k:(l) — fn,S,k(O)v f';/’l,’?,k(]‘) — fyll,g,k(())a

fn,S,k(l) — fn,Q,k(O)v fq/z,S,k(l) — fqlz,9,k(0)
\ for neZand k € Zx J

we=z




Definition 1.2. We call T'! a degenerate zigzag
supergraphene-based carbon nanotube.

For convenience, we abbreviate I';, ;1 as I'), ; for each
(n,j) € 21 : =7 x J.

n+1,5

n+1,4 n+1,6

n+1,1 n+1,2

n+1,3

n+1,7 n+1,9

n+1,8

Fig. 6 A degenerate zigzag supergraphene-based CNT I''.
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For a fixed N € N,weputs=e"N . Fork=1,2,..., N, we consider the
operator Hy, in Hy := L*(T'!) defined as

(Hi fr,)(x) = —uyp () + q(z)un,; (@),

Dom(Hk)

.

n,j’

@(n,j)ézl (_ux,j T qun,j) S LQ(F1)7
Un.1(1) = un 2(0), ufml(l) — ufn’Q(O),
Un,2(1) = un 3(0), u, 5(1)=u, 3(0),
Up 3(1l) = un 4(0) = skunj(O),
—ul, 5(1) 4+ ul, 4(0) + s®ul, -(0) =0,
Un. 4(1) = un, 5(0), u;%4(1) — u;,5(0),
Un,5(1) = un,6(0), uj, 5(1) = uy, ¢(0),
Un,6(1) = Un,9(1) = unt1,1(0),
_u/n,6(1) - U/n,g(l) + u/n+1,1(0) = 0,
un,?(l) — un,8(0)7 ufn,,7(1) — u/n,S(O)a
Un,8(1) = un,9(0), u;@,s(l) = u;%g(O)
for neZ

ZBE(Oal):FO (naj)ezla




e Utilizing the same method as [Korotyaev and Lobanov, '07],

we obtain
o(H) = U]kvzla(Hk).

Thus, it is sufficient to examine o(H}) in order to examine
o(H).

e In order to examine o(H}), we recall the spectral theory for
the corresponding Hill operator

L := —d*/dz* +q

in L*(R), where the real valued function ¢ € L#(0, 1),
appearing as the potential of H, is extended to the
1-periodic function on R.



Review and Notation (Spectral Theory for the Hill operator)
For A € C, let O(x, \) and ¢(z, A) be the solutions to the

Schrodinger equation

—y"(z, ) +q(@)y(z, A) = My(z,A), zeR, (1)
as well as the initial conditions 8(0,A\) =1, 8’(0,A) = 0 and
©(0,A) =0, ©'(0,\) =1, respectively.

(1) Since 8(x, A), 0'(x, A), p(x, A), @' (x, ) are entire in A € C,
the Lyapunov function

(1, A) + ¢ (1, )
2

A(N) =

Is also entire in A € C.



(I1) It is known as the Floquet—Bloch theory that the spectrum
of L is characterized by A()\) as

0(L) = 0ac(L) = {A€R[ [AW] < 1} = [J[M2j—2: A2y,

jeN

where Ao, A1, A2, ... are zeroes of A(A) + 1 and are labeled

In Increasing order.



(I11) The zeroes of A()\) + 1 satisfy the inequality
A <A < g < A3< A\ < ...

(IV) For j € N, the interval B, := [A2;_2, A2;_1] is called the jth

pand of o(L), counted from the bottom. Two consecutive

bands B, and B;1 are separated by G, := (A2;_1, A2;),
which is called the jth gap of o(L).

(V) Let op(L) := {n}52 be the Dirichlet spectrum, namely,
the spectrum of the eigenvalue problem —v" + gy = Ay with
y(0) = y(1) = 0. Recall u,, € [Aon_1,A2y,] for each n € N.

(V1) 01/2( ) ={\eR[ A= 3}.

o_1/2(L) = {N€R| A= —3}.

ox1/2(L) :=o01/2(L)Uo_1/2(L).




2 05 (H}) and Discriminants of o,.(Hy)

_ 0N —¢"(1,N)
We put A_ = - .

® 0. (H); the set of eigenvalues of H with infinite
multiplicities
e 0,.(H); the absolutely continuous spectrum of H.

If there exists some ¢ € N such that (IV, k) = (2¢,£), then we
define

D(t.)\) = D (%A)

= 144A°% — (216 + 16A% ) A% + (81 + 8A%)A? — (1 + A?)

and gy :={ A€ R| D(¢,\) =0}.



If (N, k) # (20,¢) for any £ € N, then we define

1

nk
4 cos N

+(81 +8A%)A%Z — (345" + 57 + AQ_)}. (2)

D(k,\) =

{144A6 — (216 + 16A2 )A*

For £k =1,2,..., N, we notice that cos %’“ = 0 I1s equivalent to
k=45 Thus, (2) is well-defined.
We have the followings:



Theorem 2.1. For a fixed ¢ € N, we obtain the followings:
(i) If N =20 — 1, then we have 0(H}p) = 000 (Hi) U 0uc(Hp)
fork=1,2,..., N, where

Ooo(Hy) = 041/2(L) Uop(L)

and

Ooc(Hr) ={X € R| |D(k, )| < 1}.




(i) If N = 2{, then we have 0(Hy) = 0o (Hy) U 04c(Hy) for
k=1,2,..., N, where

UOO(Hk)
~ <’ai1/2(L) Jop(L) if k={1,...,N}\ {N/2},
ox1/2(L)Uop(L)Uoygo if k= N/2,
and
O_ac(Hk:)
B <’{A cR| |D(k,N)| <1} ifke{l,...,N}\ {N/2},
|0 if k= N/2.

\

Abbreviate 0(1, \), 0'(1, A), (1, N), ©' (1, ) to 64, 07, ©1, ¢}



Lemma 2.2. Fora fixed N € N, we have
o1/2(L)Uo_q1/9(L) C 0o(Hy) fork=1,2,...,N.

Proof. (1) We show 04 /5(L) C 0oo(Hy). Pick a A € 0y /5(L),
arbitrarily. We put vi(x, ) = ©10(x, A) + ©j¢(x, A) and
UQ(ZE7 )‘) — 901‘9(337 >‘) T 9190(337 >‘)

(a) Assume that k£ = 0. Then, we define

uga(@,A) = (@), upd(e,\) = i@, ).
u (@, A) = va2(2,A), g (@, A) = —p(, \)
ué?%(aj, A) = —vi(x, A), ué?g(:v, A) = —va(x, A\)

and uq(loz(a:', A) =0 for
(n,7) # (0,4),(0,5),(0,6),(0,7),(0,8),(0,9).



Furthermore, we define u(™) = {uf?g)_n,j}(mjj)ézl. Then, we
can directly check {u{™},cz C Dom(Hy) and Houl™ = Au(™
for any n € Z. Thus, we see that A\ € o,,(Hy). Hence, we
have 0y /9(L) C 05 (Hp).

0,5 1,5
0,4 0.6 1,4 1,6

0,1 0,2 0,3 o | 12 1.3 2.1 2,2 2,3

0,7 0,9

0,8 1,8



(b) Assume that £k =1,2,..., N — 1. Then, we put

ap =—1+s7% 0 = 1f_8;:, Ve = 11__8;,
ug (@A) = (@, A), ugs(e,\) = v (@, \),
u(()?%(:v, A) = vg(x, A), u(()?;(a:, M) = —S_kgp(x, M),
u(()?%(zv, A) = —s Fui(x, \), u(g?g))(a;, A) = —s Fug(x, N),
ui 1 (x, \) = agp(x, A), ua(x,\) = agvi(x, N),
u1 3(T, A) = agva(x, A),  u1a(z,A) = Brp(z, A),
U1,5($,)\) — ﬁkvl(qja)\% u1,6(337)\) — 6k02($7)‘)7
U177(£E,)\) — /77690(337)‘)7 u1,8($7>‘) — ’chl(im)‘)a
u1,9($7 )\) — VkV2 ($, )\)

If n £ 1or (n,j) # (0,4),(0,5),(0,6) is valid, then we define



u,g);(aj, A) = 0. Then, for any n € 7Z, we see that

u(?) = {Ufg)_n’j}<m’j)egl is an eigenvalue of Hy. So, we

obtain 0'1/2([/) C Uoo(Hk)

0,5 1,5

0,4 0,6 1,4 1,6

0,1 0,2 0,3 11 1,2 1,3 2.1 2.2 2,3

0,7 0.9 1,7 1,9

0,8 1,8

In a similar way, we can construct infinite many eigenfunctions

for A € 0'_1/2(L).

Lemma 2.3. For a fixed N € N, we have op(L) C 0o (Hy)
fork=1,2,...,N.



A direct integral decomposition for H;

We examine o(Hy) \ (041/2(L) Uop(L)).

For 1 € |0, 27), we define the Hilbert space
Hy, = @j_L*(To,;). Prepare the Hilbert space

>
H = H d—'LL:LQ ([0,27?),7'[ d_,u)

[0,27) H 2T H 2T

and the unitary operator U : L*(I'!) — H defined as

(Uf)(@,p) = P f(z—p)

DPEL

for f = (fn)nez = (fn,j)n.j)ez, € L*(T'). A fiber operator
Hy(p) in 'H,, for Hy is defined as follows:



0,5 1.5
0,4 0.6 1.4 1.6
0,1 0.2 0,3 1.4 1.2 1.3 2,1 2,2 2.3
L & L L L & @ B
0,7 0,9 1,7 1,9
0.8 1.8

(Hk(:u)fj)(x) — _fj,/(aj) =+ Q(x)fj(aj)a S (07 1) = Fg,jv J €,

Dom(Hy (1)) = 4

.

@-

S
|
—

fi € Hy

DBj_1 (=1} +afj) € Hp, \
f1(1) = f2(0), f1(1) = f5(0),
f3(1) = f1(0) = s* f7(0),

—f4(1) 4+ f4(0) + s® f1(0) = 0,
fa(1) = f5(0), f4(1) = f5(0),
f5(1) = f6(0), f5(1) = f5(0),
fe(1) = fo(1) = e f1(0),

—f6(1) — fo(1) + e f1(0) = 0,
f7(1) = f8(0), f2(1) = f5(0),
fs(1) = fo(0), f5(1) = f5(0). |




Then, we obtain a direct integral representation of Hy, like

© d
UHkU_lz/ Hk(,u)—'u
[0,27) 27

o {F, (1) }nen; the sequence of the eigenvalues of Hy (1)

e N; the set of natural numbers n such that E,, (i) does
depend on i € [0, 27).

° O'(Hk) — Uoo(Hk) U O'ac(Hk), where

O'OO Hk U {E

neNe

O-ac(Hk) — U U {E

neN pel0,2m)

and



Proof of Theorem 2.1. We pick A € 011,2(L)Uop(L),
arbitrarily. For this A\, we consider the characteristic equation

Hy(u)f = Af for 0% f = (f;)%_, € Dom(Hy (). Namely,
we consider the following system:

—fi () + q(x) fi(x) = Mfj(x), x€(0,1)~Tq;, je€l, (3)
f1(1) = f2(0), f2(1) = f3(0), fa(1) = f5(0), (4)
f5(1) = f6(0), f7(1) = fs(0), fs(1) = fo(0), (5)
fa(1) = fa(0) = 5" f2(0), fe(1) = fo(1) = €™ f1(0) (6)
fi(1) = £2(0),  f2(1) = f5(0), fa(1) = f5(0),

fo(1) = f6(0),  fz(1) = fs(0), fs(1) = f5(0), (8)
—f3(1) + f1(0) + 8" f7(0) = 0, = f5(1) — fo(1) + €™ f1(0) = 0(9)



We first solve (3). It follows @1 = ©(1,\) Z0 by A € op(L).
Thus, any solution to —f"” 4+ qf = Af is given as

) =0 NFO.0) + L2 (10 =01 0.3) (10
on [0,1] for A€ op(L). Let us put X1 = f1(0), X5 = f2(0),
— 50 X4 = 100 X5 = 150, Xo = 50)

X7 = f3(0), Xs = f9(0).

0,5 1,5

0,4 0,6 1,4 1,6

0,1 0,2 0,3 1 | 1,2 4.3 2.1 2,2 2.3

0,7 0,9 1,7 1.9

0,8 1,8



Putting w(z, \) = 0(x, \) z%ll’i))gp(:z;, A), we have

(x, ) (x, )

fl(m7>‘):w(xa)‘)X1+ L X27 f2($,>\):’w(513,)\)X2—|— L X37
P1 @1
T, A T, A\
Fa(e A) = wiz, VXs + 22N X (a3 = wlw N Xa + 28N
P1 ¥1
x,)\ 7>\ 7
f5($7>\) :w(a;,)\)X5—|— SD(SO )X67 f6($7>\) :w(va)XG_F SD(i )G'LLXl,
1 1
5137)\ CU,)\
f7($,>\) :w(aj’A)Xél_'_ SO( )X77 f8(x7>‘) :w(aj’A)X7+ SO( )X87
P1 @1
A)
fol(x. N) = w(z, ) Xs + LN jiny

¥1

due to (4), (5), (6) and (10).
Substituting these 9 formulas into (7), (8), (9), we obtain a



system on {X;}5_; as follows:

X; —2AX5 + X3 =0,

X5 —2AX3+ X4 =0,

X3 — (201 + 0 X4+ X5+ 5" X7 =0,

X4 —2AX5 + X =0,

e X1+ X5 — 2AXg = 0,

sTFX, —2A X+ Xg =0,

e" X1+ X7 —2AXg =0,

—(2¢] +01)e" X, + e Xy + X6+ Xg = 0.

Here, we recall A is the discriminant of o(L): A = H“LT%.



Let My (A, 1) be the coefficient matrix of the system on
X1 Xy, ... Xg:

/ 1 —2A 1 0 0 0 0 0
0 1 —2A 1 0 0 0 0
0 0 1 — (2601 + ©}) 1 0 sk 0
0 0 0 1 —2A 1 0 0
eH 0 0 0 1 —2A 0 0
0 0 0 s—k 0 0 _2A 1
eH _ 0 0 0 0 0 1 —2A
\ — (2] + 01)e*H eH 0 0 0 1 0 1

We have a dispersion relation

0 = e "det My(\, 1)

B 2 mk 7T_k B 6
= (4A° — 1) {4 CcoS (N + ,u) COS — 144A

+(216 + 16A% )A* — (8AZ +81)A% + 3+ s" + 577 + A*

-

N—



Note that 4A% —1 # 0 for A € 011,2(L). Thus, for
ANZ oyy/2(L)Uop(L), we see that det My (A, p) =0 is
equivalent to

A (Wk n ) wk
COS — COS —
N H N

— 144A° — (216 + 16A% )A* 4+ (8A% +81)A% — 3+ s" +s7F + A?).
This gives us a spectral discriminant D(k, A).

We recall

1

mk
4 cos N

D(k,\) = {144A6 — (216 + 16A2 )A*

+(81 +8A2)A2 — (3 + s +s7F 4 AZ_)}.




3 Absolutely continuous spectrum of H;.:

Unperturbed case

In the unperturbed case, we obtain a spectral discriminant

Do(k >\)
21k
_ {144COS \/_—216(308 \/_—|—81<:os \/_— (3—|—2cos ;\;)}

4COS N

for k € {1,2,..., N} \ {IN/2}.



it

/\
/”\\\\W\
W/W/ W

Fig. 7 The graph of Dg(0,A), Do(1,)N), Do(2,N),
Do(3,A), Do(4,A), Do(5,A) and cos v\ in the case where
N = 15. This picture hinted the results of the follow-
ing Theorem 4.1. Namely, one can numerically expect that
Akoj = )\Z,Qj for k = 3 and Akoj_1 = )\‘,;2]._1 for k=0 in

the case where ¢ = 0.




4  Main Results

Theorem 4.1. Let N =2/ —1 or N = 2/ for a fixed ¢/ € N.
(i) Fork =0,1,2,..., N, we have 0,.(Hy) = 04c(HN_k).
Hence, we have

Goe(H) = O Goc(Hy).

(i) For k =0,1,2,...,¢ — 1, there exists real sequence
+ + + +

such that oq.(Hy) = J,— [)\Jrj 1 Akl



Namely, o,.(H}y) has the band structure and hence we can
define the jth band o}, ; = [)\Z,j_l, )\,;j] and the jth spectral
gap Vi i = ()\,;j,)\;;j) for each j € N.
(iii)
o Forke€{1,2,...,£—1}, we have A\ ,. £ A5 o; for every
7 € N.
o Forke{0,1,2,....,£—1}\ {§}, we have
Ap2j—1 7 A 25— 1
o Ifke{0,1,2,. —1}\ {0, %} then every spectral gap of
Hy. is not degenerate, i.e., vk.; 7 0 is valid for all j € N.



Asymptotic behavior of the spectral band edges

Notation | For ¢ € L#(0,1), j,n € Nand p=1,3,5,7,9, 11,
we put

1
qo =/ q(z)dz,
0
1 .
G — / o(z)e* % dx,
0

1
e,jn = / (1 —2t)’q(t) cos 2nmtdt,
0
1 .
Qs,jn = / (1 — 2t)’ q(t) sin 2nrtdt,
0

1
| .
qs,jn.p = /O (1 — 2¢t)7q(t) sin u%’erlQn(l — 2t)dt.



Furthermore, for every n € N, we designate

+ + T + 2
Uy 125, = 20T, Uj 12,42 = 3 +2nm, Uy qon4a = §7T + 2n,
* =7+ 2 * _ 14 + 2
Upg 12n+6 — T nm, Ugiop48 = 37T n,
4 5 _
Up . 12n+10 = 577 + 2n, Upg 12n+12 = 21 + 2n,
ux :277,7T+z ut ——+2n7r
3,12n+1 6’ 3,12n4+3 9 ’
+ 9 + 7
u%712n+5— 67T—|—27L7T, uN ontT 67T—|—2n7r,
= _3 = _ 1
UN 19549 = 27T—|—2n7r, UN 12411 T g T+ 2nT.

Then, we have the following results for £ =0,1,2,...,¢ — 1.



Theorem 4.2. (i) Edges of even-numbdered spectral gaps
behave as follows:

(a) Let k=1,2,...,£ —1. Forp=1,2,3,4,5,6, we have
+ _ (. 2 1
)‘k,12n+2p — (ul{;,12n+2p) + gqo + 0 - as n — 0O.

(b) Let kK = 0. Then, we have

1
+ + 2
>\O,12n—|—p — (u0,12n—1—p) +qo + o0 (g) for p=2,4,8,10,

+ 2 2 . 3 1 1
>‘O,12n—|—12 — 4(” + 1) T 4+ qo \/|Q2n-|—2|2 - 2—7Q§,0,2n+2 + o (E) + O (5) ;
. 3 1 1
A(:)ta12n‘|‘6 — (277, T 1)27T2 * a0 + \/|q2n-|—1|2 o 2_7q§,0,2n—|—1 To <;> O <;>

as n — oQ.



(ii) Edges of odd-numbdered spectral gaps behave as follows:
(a) Let k # % or q be even. Then, forp=1,3,5,7,9,11, we have

4 1
Ais to2np = Uk 12n1p)” 40 + 0 (ﬁ) as n — o0.

(b) Let k = & and q be not even. Forp = 3,9, we have

+ _ 2 L V89 | 1 1

asn—oo. Forp=1,5,7,11, we have

. . , 411 ], 1 1
>‘ N p+i2n (u%,1+12n) T 490 = Touq qs,O,n,p+0<n Tol~

as n — OoQ.




Absence of spectral gaps

Theorem 4.3. Let g € L*(0,1) be real-valued. For each
n € N, we have the followings:

(i) We have 79 12n—10 = 70,12n—-8 = Y0,12n—4 = Y0,12n—2 = 0.
(i) If 5 € N and q is even, then we have

TN 12n-11 — T 1207 = TH 12n-5 = TX 12n-1 = .

A

A A
NN\
J NI I




5 Proof of Theorems
Discriminant of 22 +pz+qg=0: D = —(4273 + 27q2)

o If D >0, then 2% 4+ pz + ¢ = 0 has three distinct real roots.
e If D=0, then at least 2 roots of 23 + pz 4+ ¢ = 0 coincide,

and any root is real.
o If D <0, then 22 +pz+ q =0 has 1 real root and 2
complex conjugate roots.

Francois Viete's solution to a cubic equation (16th century)
If D > 0, then the solutions to 2° + pz+q¢=0 (p <0, ¢ € R)
IS given by

/ 1 3 —3 2
ap = 2 —gcos{garccos<2—1q) ?>—§k},k20,1,2.




We examine the asymptotics for zeroes of D(k, \) = —1,
which Is equivalent to

3  AZ 9 A%
AG— < = A4 e = AQ
(2+ 9 > +(16+ 18)
1 2k k
BEvY (3—#2003% —4608% —|—A2_> = 0.

A2
27

3 A% A? —1) A% (1 Az 2A*%
Z3—<——|———|——>z—fk( )__<_+_+ 0

Putting A? = 2 + (% ) this is moreover equivalent to

16 18 243 288 9 8 54 2187

Here, we put fi(—1) = 8ci — 8cx — 7 and ¢ = cos %"“ for
k=0,1,...,¢0—1.



We consider its discriminant D, = D, (\) = 4p° — 274,
where

3 A2 A f(=1) A% /1 A% 2A%
P— = - =+ ~ o d— — s — + a .
16 18 = 243 288 9 \8 54 = 2187
—\/_/
&

Let g _ be the g for k = & . It follows by straightforward

: — 3 A2 1 A4 1 A6
calculations that Dy, = 2 A“ + ——A* A°® and
N — 64 144 2916

1 1\ 2 1\? 9




Lemma 5.1. (i) If k = ¥ and q is even, then we have

3
Dy =0.
3
(ii) Assume that k # 3 or q is not even. Then, for

k=0,1,...,¢ —1, there exists some \g € R such that
D, >0 for any A > Ap.

In the case of D, >0, we can construct Viéte's solution to
D(k,\) = —1:

1 1 1 fe(=1) 2mm
A* == 4= — :
5 + 5 €08 (3 arccos ——g 3 ) + O(A%)

as \ — +oo.



To be continued In ...

Schrodinger operators on a zigzag supergraphene-based
carbon nanotube, submitted.
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